This paper is devoted to study the approximate positive controllability for an age dependant population equation with birth process.
Introduction
In this paper, we study the approximate boundary positive controllability for an age dependant population equation with birth process of the form β(a)f (t, a)da + Bu(t), t ≥ 0, f (0, a) = g(a), for a ≥ 0,
Here t and a are nonnegative real variables representing time and age, respectively, f (t, a) describes the density of the population of age a at time t. Moreover, µ and β are supposed to be bounded, measurable, and positive functions describing the mortality rate and birth rate, respectively.
Following [6] , the biological implication of our work is the fact that populations are more efficiently controlled through birth control than through eradication programs and migration. In particular, the analysis in [6] shows that the distributed control is less efficient than the boundary control since boundary control leads to control of all age classes while distributed control omits a small age group of newborns.
Since there are many physical systems whose state variables represent some nonnegative quantities (e.g. density of a population, concentration, mass transport, etc.). The problem we have in mind is the approximate positive controllability of positive boundary Lotka-McKendrick systems. More precisely, we ask what are the nonnegative states which can be asymptotically reached by nonnegative controls? The physical meaning requires x(t) is nonnegative at all times. Clearly, this cannot be expected for any choice of the control u. We call choices of the control for which the corresponding solution of (A, B) satisfies x(t) ∈ X + for all t ∈ R + , admissible. In this setting, any control u(t) ∈ U + for all t ∈ R + , is admissible. Consequently the controllability in the usual sense is impossible. The notion of approximate positive controllability of boundary positive control systems has been studied in [1, 2] . By applying the above theory we study and characterize the approximate positive controllability of boundary positive control of Lotka-McKendrick system. To this end we first reformulate the problem in a Banach-space setting by choosing i) the state space X := L 1 (R + );
ii) the boundary space ∂X = R ; and iii) the control space U := L 1 (R + ).
On these spaces we then consider i) the closed and densely defined operator A m by
ii) the boundary operator Q is defined by
iii) the control operator B ∈ L(U, R) is positive.
Finally we set x(t) = f (t, .), then (APE) is equivalent to the abstract boundary control problem of the form
In the sequel we will always assume that µ ∞ := lim t→+∞ µ(t) > 0 exists. Then for Reλ > µ ∞ , rg(λ − A m ) = X and ker(λ − Am) = lin{ε λ }, where
Proposition 1.1. The bondary operator Q is surjective and for λ > β ∞ , the Dirichlet operator Q λ is given by
Now, we consider the operator
Then it is not difficult to verify that A generates a positive strongly continuous semigroup (T (t)) t≥0 and
Define the restriction
Proposition 1.2. The operator A is the generator of a positive strongly continuous semigroup on X. And for λ > β ∞ the resolvent of A is
Then the following assumptions are satisfied. Under the above assumptions and for u ∈ L 1 loc (R + , U ), the authors in [1, 4, 5] have been shown that if x is a classical solution of (BCP ), i.e. x(·) ∈ C 1 (R + , X) with x(t) ∈ D(A m ) for all t ≥ 0 satisfying the boundary systems (BCP ), then it is given by the variation of constat formula
for some µ ∈ ρ(A). Where B µ := Q µ B.
To introduce the definition of approximate positive controllability, let us first introduce the set of reachable states of (BCP ) from the origin x 0 = 0 in time t by means of positive controls by
+ and the set of reachable states from the origin in a finite time by
By assumptions, we have R + ⊂ X + . Therefore only positive states can be reached by positive controls. Define the approximate positive controllability as follows. 
In order to characterize the approximate positive controllability for the system (APE) we need to calculate R(n, A) n B n .
where P k,λ is a polynomial of degree n defined by the following recurrence formulas:
Proposition 1.4 and Proposition 1.5 lead to the following result. Proposition 1.6. The following assertions hold:
Now we recall a result which will play a crucial role in this work.
Lemma 1.7.
[1] Let X be a Banach lattice and M be a subset of X + such that λM ⊂ M , for all λ ∈ R + . The following statements are equivalent.
2) for all ϕ ∈ X , a, ϕ ≥ 0 for all a ∈ M implies ϕ ≥ 0. 2. There exists a sufficiently large ω such that the following implication holds for all ϕ ∈ X :
Proof. The proof is an immediate consequence of Proposition 1.6 and Lemma 1.7 Remark 1.9. By The Hille-Yoshida theorem we there exists a constant M ∈ R, such that
Consequently, we have the following inequality without condition in the mortality rate µ and birth rate β.
for some constant C ∈ R. Proposition 1.10. If the functions mortality rate µ and birth rate β satisfies:
then the system (APE) is approximately positive controllable.
We start by recalling the following approximation lemma, crucial for the proof, it concerns an approximation by the well-known Szász-Mirakjan operators taken from [3] .
uniformly on compact subsets of [0, +∞).
We set
ε n (a)da, and
It is easy to see that B n → 0 as n → ∞ and by the above approximation lemma ( Lemma 1.11) we have A n → T 0 g(s)f (s)ds as n → ∞. Consequently, I n → T 0 g(a)f (a)da as n → ∞. Thus 
Conclusion and perspectives
In this paper we studied the approximate positive controllability for an age dependant population equation with birth process and we give a characteri-zation under the condition (1.2). but if we can give an example of functions mortality rate µ and birth rate β that verifies this condition, the work will be more efficient. In this paper we only studied approximate controllability over the whole time interval. However, approximate controllability in finite time will be studied in detail later.
